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Robust reduced-order controller of laminar boundary layer transitions

L. Cortelezzi and J. L. Speyer
Department of Mechanical and Aerospace Engineering, University of California, Los Angeles, California 90095-1597

~Received 2 February 1998!

A framework to derive optimal and robust reduced-order controllers of fluid mechanics and plasma physics
flows using linear-quadratic-Gaussian design, or, in modern terms,H2 design, is presented. As a test case,
two-dimensional channel flow is considered. A reduced model is derived, and a controller is designed based
upon this model. Initial conditions creating transient growth of wall-shear stress are constructed. The controller
is tested on a 32 wave number simulation. A wall-shear stress reduction, up to 90%, is obtained. The potential
transferability of the controller to engineering applications is discussed.@S1063-651X~98!06408-8#

PACS number~s!: 47.62.1q, 47.27.Cn, 47.27.Rc, 47.27.Vf
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The reduction of drag produced by skin friction, or,
other words, the reduction of wall-shear stresses~WSS’s!
generated by near-wall turbulence have received wide at
tion. ‘‘The skin friction constitutes about 50%, 90%, an
100% of the total drag on commercial aircraft, underwa
vehicles, and pipelines, respectively’’@1#. Two are the near-
wall flows of interest: boundary layers that change fro
laminar to turbulent regimes, and boundary layers that
inherently turbulent. Correspondingly, efforts to reduce s
friction fall into two broad categories: transition inhibitio
and turbulence suppression. References@1–4# are recent re-
views summarizing achievements and open questions
boundary layer control.

Boundary layer control has been attempted with so
success. References@5–23# are articles published in the pa
four years. It is becoming widely accepted that even be
results can be obtained by using controllers able to ana
distributed measurements and coordinate distributed ac
tors. However, very little has been done@24–26# to exploit
the tools recently developed in the control commun
@27,28#. In particular, linear-quadratic-Gaussian~LQG! de-
sign, or, in modern terms,H2 design, combined with mode
reduction techniques for multiinput-multioutput~MIMO !
systems, has never been used in fluid mechanics nor pla
physics.

Using a case study, this paper introduces the reader
framework for deriving optimal and robust reduced-ord
controllers for flows of interest in fluid mechanics an
plasma physics. As a case study, we show that MIMO LQ
(H2) design can be successfully applied to suppress u
90% of the WSS in a two-dimensional transitional chan
flow. The framework can be easily applied to control pro
lems described over simple domains~rectangles, circles and
ellipsis, cubes, cylinders, tori, etc.! by linear partial differen-
tial equations with nonhomogeneous boundary conditio
The spectral decomposition depends on the geometry o
problem and, consequently, appropriate base funct
should be selected. Once the spectral decomposition i
order, the framework can be applied step by step. In the c
when there is more than one partial differential equation,
state space equations for the full problem are obtained
stacking the ordinary differential equations generated by
Galerkin projection of each partial differential equation. Th
PRE 581063-651X/98/58~2!/1906~5!/$15.00
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paper also addresses the potential transferability of the c
troller to engineering applications.

We consider two-dimensional incompressible Poiseu
flow in a periodic channel of lengthLh and height 2h. The
undisturbed velocity field has a parabolic profile with cent
line velocity Uc : see Fig. 1. Since we are interested in co
trolling the transition of the boundary layer from laminar
turbulent regimes, we consider a small perturbation of fl
quantities. The reader should be aware that with the te
‘‘transition,’’ we identify the disruption of the laminar re
gime in a fully developed boundary layer due to the grow
of spatially localized near-wall perturbations. The lineariz
Navier-Stokes equations are written in terms of the pertur
tion stream-functionc,

~] t1U]x!nc2U9cx5Re21nnc, ~1!

to satisfy continuity identically. The problem is made dime
sionless by usingh as a characteristic length andh/Uc as a
characteristic time. The Reynolds number is Re5Uch/n.

FIG. 1. Controller architecture.
1906 © 1998 The American Physical Society
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To suppress perturbations evolving within the botto
boundary layer, we apply blowing and suction at the bott
wall ~see Fig. 1!. For simplicity we assume that the actuato
are uniformly distributed. Perturbations in the top bound
layer are left free to evolve. The corresponding bound
conditions are

cxuy52152vw~x,t !, cyuy5615cuy5150, ~2!

where the control functionvw prescribes the amount o
blowing and suction at the bottom wall. We impose that
mass of fluid injected equals the mass of fluid removed.

To detect and measure the deviations of the bound
layer from the laminar regime, we measure the gradien
the streamwise velocity component at given pointsx5xi
along the bottom wall~see Fig. 1!,

z~xi ,t !5cyyuy521 . ~3!

In other words, we measure the first term of the WSS,tyx
5Re21(cyy2cxx)uy521. The second term of the WSS
zero in the uncontrolled case, and is known in the contro
case.

We define an optimal performance indexJ, or cost func-
tion, to design a controller for the LQG (H2) problem. Since
we are interested in suppressing the WSS, we define

J5 lim
t f→`

E
t

t f E
0

L

~cyy
2 1cxx

2 !uy521dx dt. ~4!

The integrand represents the cost of the WSS being diffe
from zero. Moreover, the integrand implicitly accounts f
the cost of implementing the control itself. There are tw
reasons to minimize the cost of the controller: In any en
neering application the energy available to drive the cont
ler is limited, and a large control action may drive the syst
away from the region where the linear model is valid.

To reduce Eqs.~1!–~3! to a set of first-order ordinary
differential equations, we make a few transformatio
loosely based on Refs.@24# and @26#. We write the stream
function asc5f1x to embed the actuator into the evol
tion equation, and to make the boundary conditions homo
neous. Substitutingc5f1x into Eq.~1!, we obtain a forced
equation for the Poiseuille flow

~] t1U]x!nf2U9fx5Re21nnf

2~] t1U]x!nx1U9xx

1Re21nnx, ~5!

with homogeneous boundary conditionsfuy5615fyuy561
50. The forcing functionx satisfies the nonhomogeneo
boundary conditions~2!, i.e., xxuy52152vw(x,t), xuy51
5xyuy56150. We also substitutec5f1x into Eqs. ~3!
and ~4!. The measurement equation~3! becomes

z~xi ,t !5~fyy1xyy!ux5xi ,y521 , ~6!

while the cost function~4! takes the following form:

J5 lim
t f→`

E
t

t f E
0

L

@~fyy1xyy!
21xxx

2 #y521dx dt. ~7!
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Subsequently, flow quantities are spectrally decompo
by using circular functions in the streamwise direction a
Chebyshev polynomials in the vertical direction. We expa
f andx as follows:

f5 (
n51

N

(
m50

M

@anm~ t !cos~anx!1bnm~ t !sin~anx!#Cm~y!,

~8!

x5 (
n51

N

@pn~ t !cos~anx!1qn~ t !sin~anx!#D~y!, ~9!

wherean52pn/L. FunctionsCm andD are combinations of
Chebyshev polynomials constructed to satisfy the bound
conditions, i.e., Cm(61)5Cm8 (61)5D(1)5D8(61)50
andD(21)51. We also expand the measurement functioz
as follows:

z5 (
n51

N

@cn~ t !cos~anx!1dn~ t !sin~anx!#. ~10!

Substituting expansions~8!, ~9!, and ~10! into equations~5!
and ~6! and using Galerkin’s projection, we obtain

dy

dt
5Ay1B1u1B2

du

dt
, z5Cy1D3u. ~11!

To transform the above equations into standard state-s
form, we define a new vectorx5y1B2u, and two new ma-
trices B5B11AB2 ,D5D31CB2. Finally, we obtain the
state-space equations

dx

dt
5Ax1Bu, z5Cx1Du, ~12!

with initial condition x(0)5x0, wherex is the internal state
vector, u is the control vector, andz is the measuremen
vector. MatricesA, B, and C contain the dynamics of the
Poiseuille flow, actuators, and sensors, respectively. Ma
D contains the direct coupling between sensors and ac
tors. The cost function~7! becomes

J5 lim
t f→`

E
t

t f
@zTz1uTWTWu#dt, ~13!

where the superscriptT denotes transpose. The matrixW is
obtained by spectrally decomposing the last term in the c
function ~7!.

The advantage of the present formulation is that the wh
problem decouples with respect to the wave number.
matrices in Eqs.~12! and~13! are block diagonal. The block
diagonal structure of the matrixA was first recognized in
Ref. @24#. The above state-space system is conseque
equivalent toN state-space subsystems, one for each w
number. For a given wave numberr the state-space equa
tions are

dxr

dt
5Arxr1Brur , zr5Crxr1Drur , ~14!
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with initial conditionxr(0)5xr0. Vectorsxr , ur , andzr have
the following structure:xr5@ar0 , . . . ,arM ,br0 , . . . ,brM #T,
ur5@pr ,qr #

T, zr5@cr ,dr #
T. The cost function also de

couples with respect to the wave number, and we obtaiN
optimal performance indexes. For a given wave number ,
the cost function is defined as follows:

Jr5 lim
t f→`

E
t

t f
@zr

Tzr1ur
TWr

TWrur #dt. ~15!

Consequently, the design of an optimal and robust contro
for system~12! with Eq. ~13! has been reduced to the ind
pendent design ofN optimal and robust controllers, one fo
each wave number, for the subsystems~14! with Eq. ~15!.

The challenge of the present study is to reduce the siz
the controller. The controller of the full system would ha
2N(M11) states. A controller with thousands of states is
no interest in engineering applications, because of
amount of hardware and computer power necessary to c
pute a real-time control law. We derive a lower order co
troller in two steps: First we construct a lower order model
Eq. ~14!, and subsequently we design an optimal and rob
controller for the reduced-order model. To obtain a low
order model, we transform Eq.~14! into Jordan canonica
form. The matricesÂr , B̂r , Ĉr , and Dr that describe the
dynamics of the reduced-order model are obtained from
matrices in Jordan canonical form by retaining rows and c
umns corresponding to equally well controllable or obse
able states. Hat denotes the quantities associated with
reduced-order model.

The design of an optimal and robust controller for t
LQG (H2) problem is divided in two parts: the linear qu
dratic regulator~LQR! and the minimum variance estimato
~Kalman-Bucy filter! @27,28#. The LQR provides an optima
control law in terms of the internal state vector. In gene
however, the internal state vector is not directly measura
The Kalman-Bucy filter provides an optimal estimate of t
internal state vector in terms of the measurement vectorzr .
The result of the LQG (H2) design of an optimal and robus
controller based on the reduced-order model of Eq.~14! is
summarized by the following equations:

ur52K̂r x̃r , ~16!

dx̃r

dt
5Âr x̃r1B̂rur1L̂r@zr2Ĉr x̃r2Drur #, ~17!

with initial conditionsx̃r(0)50. Equation~16! is the control
law. The gains matrixK̂r is obtained by minimizing the op
timal performance index

Ĵr5 lim
t f→`

E
t

t f
@ ẑr

Tẑr1ur
TWr

TWrur #dt, ~18!

where ẑr5Ĉr x̂r2Drur . Equation~17! is the the minimum
variance estimator. The matrixL̂r is obtained by minimizing
the variance of the estimated state vectorx̃r with respect to
the internal state vectorx̂r assuming that the reduced mod
of Eq. ~14! is affected by additive Gaussian white noise.
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this study, however, the power spectral densities of the
ditive noise are used as design parameters to produce ro
controllers. The initial conditionx̃r(0)50 implies that the
estimator starts with no information aboutx̂r .

Figure 1 links with simplicity the mathematical formula
tion to its computational implementation, by summarizing
a block diagram the control strategy described above.
controller can be programmed in a computer routine wh
input is an array containing the gradients of the streamw
velocity component, and whose output is an array contain
the blowing and suction at the wall. The gradient of t
streamwise velocity component,cyy , is converted by a fas
Fourier transform~FFT! into zr ’s. Each pair of estimator~17!
and controller~16! blocks is integrated in time by, for ex
ample, a third-order low-storage Runge-Kutta scheme. P
allel computation producesur ’s. An inverse FFT converts
ur ’s into the actuating signalvw . This routine can be embed

FIG. 2. Temporal evolution of wall-shear stress along the b
tom wall of the channel: uncontrolled case~a!; controlled case~b!.
Temporal evolution of blowing and suction along the bottom w
of the channel~c!.
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PRE 58 1909ROBUST REDUCED-ORDER CONTROLLER OF LAMINAR . . .
ded in any Navier-Stokes solver able to handle tim
dependent boundary conditions for the control of more re
istic two-dimensional transitional boundary layers@29#.

Figure 1 also provides the basic architecture for the
tential implementation of the present controller in practi
engineering applications. The gradient of the streamwise
locity component, cyy , can be measured b
microelectromechanical-systems~MEMS! hot film sensors
@30#. Analog to digital converters (A/D) and digital signal
processors~DSP’s! convert the measured gradients intozr ’s.
Each pair of estimator~17! and control~16! blocks is re-
placed by a microprocessor, and a parallel computation
ducesur ’s. A DSP and a digital to analog converter (D/A)
produce the actuating signal. Finally, MEMS technology w
provide the necessary hardware. Note that a variety of ac
tors can mimic small amplitude blowing and suction at t
wall: porous walls, micropumps, deformable walls, and th
mal actuators@30#.

We use a combination of unsteady modes and trans
growth to create a worse scenario test case. We choos
Reynolds number and channel length in order to have at l
a few unstable modes. The nonorthogonality of the eig
functions associated with Eq.~1! permits us to construct ini
tial conditions leading to transient growth; see Ref.@3# for
references. We obtain initial conditions specifically able
generate transient growth of the WSS, instead of inter
energy, by modifying a technique proposed in Ref.@31#. Al-
though transient growth will be eventually subdued by
viscous effects, it permits testing the capability of the co
troller in suppressing disturbances that can trigger nonlin
effect and transition to turbulence.

We design a controller for two-dimensional Poiseui
flow in a periodic channel of lengthL520p at Re510 000.
The wave numbersn58,9, and 10 are unstable. We use
grid resolution ofN532 andM5124. The order of the full
system is 8000. Using the model reduction technique pr
ously described, we create a reduced model of order 6
This reduced model maximizes the ratio between per
mance and the number of states. We derive 32 controller
order 20, one for each wave number. Controllers operat
parallel. Figure 2~a! shows the temporal evolution of th
id
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WSS along the bottom wall of the channel for the unco
trolled case. The WSS presents a rich structure becaus
the transient growth of 32 stable and unstable wave numb
Figures 2~b! and 2~c! show the temporal evolution of th
controlled WSS and of the blowing and suction along t
bottom wall of the channel. Although the estimator sta
with no information about the internal state of the syste
the controller reduces the initial WSS in the first few tim
steps. Subsequently, the amplitude of blowing and suc
rises to suppress the effects of transient growth. Eventua
blowing and suction decreases as the transient growth
dues. The controlled WSS shows only some low amplitu
ripples during the entire simulation. The comparison of t
Figs. 2~a! and 2~b! shows up to 90% WSS reduction. Th
remaining unsuppressed WSS is due to the modes that
not be controlled. The performance of the controller can
improved at the price of increasing its order.

In conclusion, we presented a framework for the appli
tion of LQG (H2) design and model reduction to flows o
interest in fluid mechanics and plasma physics. As a c
study, this framework has been used to design an opti
and robust reduced-order controller able to suppress u
90% of the WSS in a two-dimensional transitional chan
flow. This controller can be programmed in a computer ro
tine whose inputs are the gradients of the streamwise ve
ity component, and whose outputs are the blowing and s
tion at the wall. This routine, suited for parallel computin
can be embedded in any Navier-Stokes solver for the con
of more realistic two-dimensional transitional boundary la
ers @29#. We also presented a hardware architecture for
potential implementation of the controller in engineering a
plications. Extensions of LQG (H2) design and applications
of H` design @27,28# to three-dimensional Poiseuille flow
and two- and three-dimensional Blasius boundary layers
in progress.
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